This article studies a generalization of magic squares to k-uniform hypergraphs. In traditional magic squares the entries come from the natural numbers. A magic labeling of the vertices in a graph or hypergraph has since been generalized to allow for labels coming from any abelian group. We demonstrate an algorithm for determining whether a given hypergraph has a magic labeling over some abelian group. A slight adjustment of this algorithm also allows one to determine whether a given hypergraph can be magically labeled over Z. As a demonstration, we use these algorithms to determine the number of magic n3-configurations for n = 7, . . . , 14.
The notion of a magic square has existed for thousands of years, with surviving written examples dating back to at least 650 BC. One of the oldest written examples is the so-called "Lo Shu" magic square -a 3 × 3 magic square from Chinese legends. According to the legend, the Lo Shu square was observed as a pattern on the shell of a tortoise by Emperor Yu sometime between 2200 and 2100 BC. As a simple idea that is often fiendishly difficult to implement, it is no wonder that magic squares have been studied and marveled at throughout history. The idea is to fill in numbers into a square so that the sum along each row, column and diagonal are all equal to the same number -often called the magic constant. For instance the square in Figure 1 is a representation of the "Lo Shu" magic square from the legends. Here the magic constant is 15. There have been numerous generalizations of magic squares to other shapes. Ely introduced the idea of magic designs [8] . A design is an incidence structure consisting of "points" and "lines," with each line being a subset of points. A magic design is then an injective function from the points to the natural numbers where the sum along any line is constant. While Ely focused primarily on triangles and hexagons, other designs have since been studied (see e.g. [48] , [12, Ch.17] , [17] , and [31] ). A particulary nice family of designs comes from (combinatorial) configurations. These are designs where every line has the same number of points, every point has the same number of lines through it, no two lines can intersect more than once, and no two points can appear on more than one line together. For example, Trenkler [47] studied magic stars which are configurations with two lines through every point. More recently, Raney [35] studied magic trilateral free n 3 -configurations where three lines pass through every point, and each line contains three points. In addition, Nash and Needleman [33] studied magic finite projective planes which are configurations which contain a quadrilateral and further require all lines to intersect, and all pairs of points to be connected by a line.
On a different, but related front, Sedláček was the first to suggest studying magic labelings of graphs in [40] . He suggested labeling the edges of a graph with real numbers and then defined an edge-labeling to be magic if the sum of the labels on all edges incident to a given vertex was a constant independent of the choice of vertex. Stewart [43] studied some special cases of these labelings and called an edge-labeling supermagic if the labels were consecutive integers starting from 1. Note that the classical n × n magic square (ignoring diagonals) corresponds to a supermagic labeling of the complete bipartite graph K n,n . Many, many papers (see e.g. [7] , [19] , [44] , [18] , and [25] as examples) have since been devoted to determining whether and when various families of graphs can admit a supermagic edge-labeling (although many authors use the term "magic" rather than supermagic). For a more complete treatment of this history (and some of what follows) we suggest the ongoing survey by Gallian [11] .
In a departure from the above notion, Kotzig and Rosa [23, 24] defined a magic valuation of a graph to be a labeling of both the vertices and the edges (now referred to as a total labeling following Wallis [49] ) with the consecutive integers starting from 1 such that the sum of any edge together with its two endpoints is a constant. This idea was revived in 1996 when Ringel and Lladó [36] redefined these as edge-magic (total) labelings. Edge-magic total labelings of graphs have also been widely studied (see e.g. [9] and [50] for some important early examples).
More recently, MacDougall, Miller, Slamin, and Wallis [29] moved back towards Sedláček's original idea by introducing the notion of a vertex-magic total labeling. Such a labeling still labels both the vertices and the edges using the consecutive integers starting with 1, but instead requires that the sum of the labels on all edges incident to a given vertex plus the label on the vertex itself be a constant. These magic graphs have also been extensively studied, with [14] , [15] , and [1] as more recent examples of work in this area.
Trenkler [46] was the first to generalize supermagic edge-labelings to include hypergraphs. A hypergraph is a generalization of a graph which allows for multiple vertices to appear on each (hyper)edge. In Trenkler's work a labeling of the complete k-partite hypergraph is supermagic if the sum of the labels on all edges incident to a fixed choice of (k − 1) vertices is independent of the choice of vertices. Even more recently, Boonklurb, Narissayaporn, and Singhun [4] generalized super edge-magic labelings to hypergraphs as well. Their generalization more closely parallels the original notion by requiring the sum of the label on an edge together with the labels on all vertices appearing on that edge to be a constant. To be supermagic, all edge labels must be greater than any vertex labels in addition to the labels being consecutive integers starting from 1.
Generalizations have also been made to the labels over time. While historically, n×n magic squares have most often been labeled by the integers 1 through n 2 -and supermagic labelings are an attempt to hold on to this requirement -there is no need for us to require such specificity. To consider a function or labeling magic one simply needs a way to "add" the outputs or labels from each vertex and/or edge. Since the points in a graph, hypergraph, incidence structure, design, etc. do not appear in any fixed order, it is also necessary that the "addition" be commutative. Thus, Doob [6] generalized magic edge-labelings to allow for labels coming from any abelian group. He further added labels to the vertices and used those as restrictions on the sums of edge labels incident to each vertex while simultaneously relaxing the requirement that distinct edges have distinct labels. In the special case where the sums are constant independent of vertex choice, these labelings have since been termed group-magic edge-labelings (note, these are also sometimes referred to as A-magic edge-labelings, where A denotes the (additive) abelian group used). Some more recent work in this area can be seen in [26, 41, 28, 37, 42, 20, 21] .
One thing that nearly all magic shapes have in common (regardless of the type of magic labeling considered) is that they require each edge or line to contain the same number of points. From the hypergraph perspective, such structures are called k-uniform hypergraphs. In what follows we consider the general case of k-uniform hypergraphs with vertices labeled by elements from an (additive) abelian group. Note, we do not require our labels to be non-zero elements of the group (as in the A-magic situation) and we do require that distinct vertices have distinct labels.
Observe, that we can incorporate the notion of an edge-magic total labeling (generalized to k-uniform hypergraphs) by imagining the label on each edge/line to be replaced by a label on an extra vertex created on that line that is not incident to any other line. Our version of a magic labeling also serves to cover the cases of magic edge-labelings and vertex-magic total labelings by considering the dual (hyper)graphs where the sum along all edges incident to a fixed vertex becomes the sum of all vertices contained within a given edge. Thus, we choose to follow [33] in describing magic vertex-labelings of k-uniform hypergraphs over abelian groups.
In what follows, we demonstrate algorithms for determining both whether a given hypergraph is magic over some abelian group and also whether it is magic specifically over Z. The methods draw upon many results from number theory, and is an application of the local-global principle.
Much of the motivation for our discoveries stemmed from work specifically on n 3 -configurations. Thus, in the final section, we specialize to n 3 -configurations and describe some results gained from the application of our algorithms to this type of hypergraph.
Labeling Hypergraphs
While traditional graphs are collections of vertices with edges connecting them, they have been generalized to hypergraphs by allowing edges to connect (or contain) more than two vertices. A hypergraph can, therefore, be represented as a pair Γ = (P, L) where P is the set of points and L is a collection of subsets of P that we call the set of lines. A hypergraph is called k-uniform if each line has exactly k points on it.
A hypergraph is called a configuration if, in addition:
(a) Each pair of points p i ≠ p j ∈ P is contained in at most one line.
(c) Each line is incident to the same number of points.
(d) Each point is incident to the same number of lines.
A configuration with n points, each incident to k lines, and m lines, each incident to l points is called an (n k , m l )-configuration. Note that such configurations can only occur if nk = ml. A configuration is called symmetric in the special case when n = m, in which case it follows that k = l, and these are often referred to as n k -configurations. Figure 2a is an example of a 4-uniform hypergraph which is not a configuration since the points p 1 and p 2 are simultaneously coincident to more than one line.
To study labelings on a hypergraph Γ = (P, L) we construct the Z-modules
of the formal Z-linear combinations of points and lines respectively. The hypergraph Γ determines a relationship between ZP and ZL via a unique Z-map A ∶ P → ZL known as the incidence map. For p ∈ P, let Ap = L∈L p∈L L and then extend Z-linearly. This is the map that sends a point to the sum of lines through the given point. When the points p 1 , . . . , p n in P and the lines L 1 , . . . , L m in L are enumerated, the map A can be written as an L × P incidence matrix whose i, j-entry is 1 if p j ∈ L i and is zero otherwise. Figure 2b is the incidence matrix from the hypergraph in Figure 2a . We've chosen L 1 , L 2 , and L 3 to be the left, bottom, and right sides of the triangle, while taking L 4 , L 5 , and L 6 , to be the blue, green, and red lines respectively.
Since every line L ∈ L is a collection of points from P we can view L as being in ZP by summing the points that make up L. This is just the transpose of the incidence map,
It turns out, determining whether or not Γ can be made magic over some group is determined by the image of A ⊺ or, equivalently, the Z-row space of A. Magic labelings of Γ are functions on P, so it will be useful to consider Z P (resp. Z L ), the space of Z-valued functions on P (resp. L). It will be useful to extend Z-valued functions f on P to functions on ZP. We do this by
These functions can naturally be identified with ZP (resp. ZL) by the map
Depending on the context, it may be more useful to consider functions and at other times consider combinations of points and lines.
We usually will not be working over Z, but rather over abelian groups. Since every abelian group G is a Z-module, the notions of ZP and ZL extend naturally to GP and GL, and we can view the incidence map as a G-map. When we do this, we will denote the incidence map/matrix as A G . In the special case where G = Z rZ for some r ∈ N we will just write A r .
A G-labeling of Γ can be represented as a function
. From this perspective, we consider f as a function on the lines by f (A ⊺ L) = ∑ p∈L f (p) instead. We now introduce some terms in order to get at the idea of "magicness"
Such a constant is called the magic constant for f . If, furthermore, we have that f (p) ≠ f (q) for all p ≠ q ∈ P, then we say that f is a magic function. A k-uniform hypergraph Γ = (P, L) is said to be magic over an abelian group G if there exists a magic function f ∶ P → G. Observe that since k-uniform hypergraphs have the same number of points on each line, every constant function f (p) = c, for any abelian group G and any c ∈ G, is lineinvariant. A non-constant example is the 4-uniform hypergraph from Figure 2a , which is magic over (Z 2Z) 4 with magic labeling given in Figure 3 .
(1, 1, 1, 1) Line-invariant functions are closely tied to KerA
Therefore, f is lineinvariant with magic constant 0. The converse also holds, and so KerA G is the space of all line-invariant functions with magic constant 0. In the case of k-uniform hypergraphs where gcd(k, G ) = 1 one can obtain all line invariant functions by adding the constant functions to KerA G .
Substructures
The existence of certain substructures or subconfigurations within a hypergraph places restrictions on the potential line-invariant labelings. When considering the unique 7 3 -configuration -the Fano configuration -removing any point and the three lines incident to that point results in what is called a complete quadrilateral (see Figure 4) . A complete quadrilateral, Q = (P Q , L Q ) is an arrangement of points and lines consisting of four lines, no three of which pass through the same point, and the six points of intersection of these lines. So Q is a (6 2 , 4 3 )-configuration in its own right. Containing this substructure rules out many possible groups over which a magic labeling could exist due to the following observation. 
Figure 4
Proof. Let L 1 , L 2 be the lines incident to p and let L 3 , L 4 be the lines incident to q. Applying f to the linear combination
hence the result follows.
For the Fano 7 3 -configuration specifically, we see as a corollary that, 2f (p) = 2f (q) for all pairs of points p, q ∈ P and all line-invariant functions f . This is because given any pair of points p and q there exists a line connecting them and thus, by removing the third point on that line, we are left with a complete quadrilateral with p and q in the appropriate positions. More generally though, any time such a structure exists within our hypergraph Γ, it follows that Γ is not magic over any group which does not have 2 as a zero divisor. For the Fano 7 3 -configuration, it is known [33] that the smallest group over which it admits a magic labeling is (Z 2Z)
3 . There are also substructures which forbid all line-invariant functions f from being injective which we call forbidden substructures. Containing a forbidden substructure makes it impossible for a hypergraph to be magic over any abelian group. More specifically, forbidden substructures create restrictions by admitting integer linear combinations of their lines which result in a difference of two points p − q, i.e. p − q is in the image of [⋅] . For example, the smallest n 3 -configuration which is not magic over any abelian group G is the 9 3 -configuration which is denoted as configuration (9 3 ) 3 in [16] and is given in Figure 5 .
Observe, that if we take the sum of the green lines and subtract the three red lines then we are left with exactly p − q. Hence, if f ∶ P → G is any lineinvariant function, then applying f to this linear combination shows us that f (p) = f (q). We reproduce this subconfiguration more clearly (replacing green lines with black ones) in Figure 6a together with another in Figure 6b . We have found that the majority of n 3 -configurations for n = 11, 12, 13, and 14 contain at least one of these two small examples of forbidden substructures. In each case, we get the difference p − q by adding the black lines and subtracting the red ones. Searching for particular substructures within complicated hypergraphs is computationally time consuming. Furthermore, it may not provide definitive information as it is unclear whether there is a finite list of forbidden substructures which accounts for all k-uniform hypergraphs which are never magic. In fact, we do not even know if there is such a finite list in the special case of n 3 -configurations. With that in mind, it would be helpful to have a definitive, computational way to determine whether a given k-uniform hypergraph can be magically labeled over some abelian group.
When Γ is Not Magic
If we can find a pair of points p and q that have equal values for all line-invariant functions, then our k-uniform hypergraph cannot be magic over any group. The somewhat surprising result is that the converse is also true, i.e. if a k-uniform hypergraph cannot be magic over any group, then there must exist a fixed pair of points p and q that have equal values under every line-invariant function. To see this, suppose that no such pair of points exists. Then for every pair of points p, q ∈ P there exists some abelian group G p,q and some line-invariant function
is both line-invariant and distinguishes all points. Hence, we have found a group over which the configuration Γ is magic.
Theorem 2. A k-uniform hypergraph Γ = (P, L) is not magic over any abelian group if and only if there exists a pair of points p, q ∈ P such that, for all abelian groups G and all line-invariant functions
This result is theoretical in nature, but it is the basis for a result which allows one to computationally determine whether or not a k-uniform hypergraph can be made magic. This is done by showing f (p) = f (q) for every line invariant function if and only if p − q ∈ Im A ⊺ . Showing that a hypergraph cannot be made magic is relatively straight forward. Assume p, q ∈ P with p − q ∈ Im A ⊺ . Then there exists a Z-linear combination of lines, S, such that
Next, let f be a line invariant function to some group G with magic constant c ∈ G. It follows that
b i = 0 then we will have f (p) = f (q) and the function cannot be magic.
Consider the Z-linear map * ∶ ZP → Z, where
This function is counting, with multiplicity, how many points are in a given linear combination. For a k-uniform hypergraph and any line L we have
since it is just counting how many points are on the line. Therefore,
and so ∑ m i=1 b i = 0 as desired. This is summarized in the following:
is not magic over any Ableian group G if there are p, q ∈ P with p − q ∈ Im A ⊺ .
Since Im A ⊺ is the Z-row space of A, this is equivalent to having e i −e j in the row space of the incidence matrix for some i ≠ j, where e i and e j are standard basis vectors. It is more difficult to show that if Γ is not magic over any abelian group then there must exist a p, q ∈ P with p−q ∈ Im A ⊺ . To get at this result we solve the problem modulo m for each m ∈ N (m > 1) and then show a solution exists over Z. This technique is known as a local-global principle.
Local-Global Principles
Local-global principles play an important role in number theory. The basic idea is that if one wants to guarantee a solution to an equation defined over Z, one only needs to show a solution modulo r for all r ∈ N with r > 1. It should be noted that this concept often extends to other rings, but we focus here on the results over Z.
For a linear equation in one variable this result follows from the Chinese Remainder Theorem, but the result is less obvious in other situations. The local-global principle holds for any single variable polynomial equation over Z. However, it does not always hold for multi-variable equations. For quadratic equations in multiple variables, this result is known as the Hasse-Minkowski theorem, and is the first major result of this kind. For a treatment of this result in English see [5] . Unfortunately, a local-global principle is often too much to ask for in many settings and breaks down even for cubic equations in multiple variables. Selmer [38] showed that the equation 3x
= 0 has non-zero solutions mod r and over R, but no non-zero solutions over Z.
In this paper we will be applying a local-global principle for systems of linear equations. We provide a simplified version of the result below. 
Some Module Algebra
The local-global principle states that if we want to know if p − q ∈ Im(A ⊺ ) we can study the same question for Im(A with respect to an inner product. This does not hold over most rings. However, it does hold for Z rZ. We have not been able to find a proof in the literature, so we provide one here using the characters of the group Z rZ. 
n (v1x1+v2x2+⋅⋅⋅+vsxs) . 
It follows that two vectors
Proposition 5. For a Z rZ-map M , Im M ⊺ = (ker M ) ⊥ .
When Γ is Magic
We have already seen that a k-uniform hypergraph Γ is not magic over any group if p − q ∈ Im A ⊺ . We now consider the situation where we know Γ is not magic over any group and determine what we can say about Im A ⊺ . Theorem 2 implies that there exists some pair of points p, q ∈ P such that f (p) = f (q) for all line-invariant functions for all groups G. Since ker A G contains all line-invariant functions with magic constant 0, it follows specifically that f (p) = f (q) for every function f ∈ ker A G .
The standard inner product on ZP 2 (resp. (Z rZ)P 2 ) with respect to the basis of points, yields the pairing This result has a geometric interpretation as well. Assume p − q is in the Zrow space of A. Then p−q can be written as a linear combination of lines (rows), and the lines with non-zero coefficients correspond to a forbidden substructure. For example, in the case of the 14 3 -configuration with points labeled 1, . . . , 14 and lines described as in Figure 8 , there is only one Z-linear combination of the 2 5 2 8 5 3 7 6 3 9 11 2 4 6 4 6 7 9 10 11 8 12 4 12 lines that results in ⃗ e i − ⃗ e j for some i < j, namely the combination
The lines that appear here form the subconfiguration given in Figure 9 . By taking the black lines to have coefficient 1, the red lines to have coefficient -1, and the green line to have coefficient -2, this subconfiguration forces f (p) to equal f (q) for all line-invariant functions. p q Figure 9 : A forbidden substructure.
When Γ is Magic over Z
A slight adjustment to the ideas behind our main theorem allows us to move back towards the more traditional magic setting and determine whether a k-uniform hypergraph is magic over Z as well. The result we give in Theorem 7 might be known in the dual setting of edge labelings of graphs (see [7] ), however it is stated in a much different way and the proof appears to be lacking crucial details. Before we give this result, we first need an analogous version of Theorem 2 specifically for the group Z.
The idea is similar to our previous proof, but instead of taking a direct sum of labelings with values in a direct product of groups, we scale labelings in Z so that we may take an internal sum of labelings that will end up being injective.
Consider a k-uniform hypergraph Γ = (P, L) and suppose that for each p, q ∈ P there is a line invariant function f p,q ∶ P → Z such that f p,q (p) ≠ f p,q (q). Given the points p 1 , . . . , p n ∈ P we let b = max{ f p,q (p i ) p, q, p i ∈ P}. Then we define a new line-invariant function
By construction f is injective and Γ is magic over Z. In summary
is not magic over Z if and only if there exists a pair of points p, q ∈ P such that for all line-invariant functions
We can use this result in determining whether or not a hypergraph is magic over Z. The result is similar to our main theorem, except now we are interested in whether or not
with b i ∈ Q. Let d be the common denominator of the b i . Then by multiplying through we see that dp − dq is a Z-linear combination of the lines. If f is a Z-line-invariant function with magic constant c then we have
This sum is 0 for the same reasons as in the main theorem. Similarly f (dp−dq) = df (p) − d(q), and combining these we obtain df (p) = df (q). Since f takes values in Z this implies f (p) = f (q) and the function is not magic.
Conversely, if Γ is not magic over Z, then by Lemma 6 it follows that there exists some pair of points p, q ∈ P such that f (p) = f (q) for all line-invariant functions f ∶ P → Z. Just as in the proof of the Main Theorem, this puts p − q ∈ (ker A Q ) ⊥ . Note, however, that since we are now working over the field Q we may immediately conclude that (ker A Q ) ⊥ = Im A ⊺ Q . We summarize the results below.
Theorem 7.
A k-uniform hypergraph Γ = (P, L) with incidence matrix A is not magic over Z if and only if there exists some Q-linear combination of the rows of A that is equal to ⃗ e i − ⃗ e j for some i ≠ j.
Applications to n 3 -configurations
By applying our algorithms to the known complete lists of n 3 -configurations for n = 7, 8, . . . , 14, we are able to determine how many of these configurations are magic over some abelian group as well as how many are magic over Z specifically. In addition, it is important to point out that, for n 3 -configurations, the two forbidden substructures in Figure 6 are the only forbidden substructures using six or fewer lines. As mentioned previously, these substructures account for the majority of n 3 -configurations, for n = 7, . . . , 14, which are not magic. In the table below, we also count the number of configurations containing at least one of these small substructures. Based on our findings in the table, it appears as though the fraction of magic n 3 -configurations within the total number of configurations is approaching zero. This seems reasonable from the perspective of forbidden substructures. Observe that the small forbidden substructures found commonly in n 3 -configurations (see Figure 6 ) involve collections of parallel lines. In addition, as n grows larger it becomes easier to find parallel lines within n 3 -configurations. Furthermore, there is an increased chance that an n 3 -configuration will contain larger forbidden substructures as well.
Conjecture. lim n→∞ # of n 3 -configs magic over some group # of n 3 -configs → 0.
The smallest example of an n 3 -configuration that is magic over Z is the following 11 3 -configuration:
L 10 L 11 1 1 1 2 2 2 3 3 3 4 4 6 7 8 5 6 7 4 5 7 5 6 11 10 9 11 10 9 11 10 8 9 8
A magic labeling of this configuration is provided in Figure 10 . Note that this labeling is actually supermagic as it uses the consecutive integers 1, . . . , 11. In an upcoming paper, the authors plan to explore magic n 3 -configurations further -both supermagic labelings and magic labelings over other abelian groups. 
